When subjected to an ultrasonic standing-wave field, cavitation bubbles smaller than the resonance size migrates to the pressure antinodes. As bubbles approach the antinode, they also move towards each other and either form a cluster or coalesce. In this study the translational trajectory of two bubbles moving toward each other in an ultrasonic standing wave at 22.4 kHz was observed using an imaging system with a high-speed video camera. This allowed the speed of the approaching bubbles to be measured for much closer distances than those reported in the prior literature. The trajectory of two approaching bubbles was modeled using coupled equations of radial and translational motions, showing similar trends with the experimental results. We also indirectly measured the secondary Bjerknes force by monitoring the acceleration when bubbles are close to each other under different acoustic pressure amplitudes. Bubbles begin to accelerate towards each other as the distance between them gets shorter and this acceleration increases with increasing acoustic pressure. The current study provides experimental data that validates the theory on the movement of bubbles and forces acting between them in an acoustic field that will be useful in understanding bubble coalescence in an acoustic field.
I. Introduction
The uses of ultrasound are diverse, ranging from the medical field [1] [2] [3] [4] to emulsions [5] [6] [7] and degradation of pollutants 8, 9 . In all these applications the operational efficiency is governed by the cavitation bubble population and the size of the cavitation bubbles, which in turn are significantly affected by the coalescence process [10] [11] [12] [13] . Before the coalescence process can take place in an acoustic field, the bubbles have to first be drawn towards each other and brought into contact. Therefore it is important to understand the various forces that control the translational movement of bubbles in an acoustic field, namely the acoustic and hydrodynamic forces. The two acoustic forces, identified as the primary and secondary Bjerknes forces, were first reported by Bjerknes in 1906 and 1909 14, 15 . The primary Bjerknes force depends on the pressure gradient and the average oscillation of a bubble within one cycle, and can force bubbles to move towards the pressure antinodes or pressure nodes, depending on the size of the bubble [16] [17] [18] [19] . The secondary Bjerknes force can induce repulsion or attraction between two bubbles, depending upon the average volume oscillation changes and the distance between them [18] [19] [20] .
Eller observed that bubbles are trapped near pressure antinodes if the bubble radius is smaller than the resonance size due to the balance between the primary Bjerknes and buoyancy forces 21 .
Crum measured the velocity of two bubbles as they move close to each other and modeled the velocity profile of approaching bubbles by considering the primary and secondary Bjerknes forces and the drag forces together 22 . In this earlier study, the effect of bubble oscillation was not taken into account and the data obtained were for large bubble-bubble distances between 2 mm to 10 mm 22 . Parlitz et al. 19 used the particle model, based on Hinsch's research 23 to study bubble structures in an acoustic field. In this particle model, individual bubbles were treated as moving particles. All forces acting on the bubbles, namely, mass, primary and secondary Bjerknes forces, and drag forces were kept in balance. This model is suitable for simulating bubble structures and it can also be applied to simulate the trajectory of two bubbles in standing and travelling wave fields 24 .
The translational motion of bubbles is related to their oscillations and the pressure around the bubble at a given position. However, the particle model does not take into account coupled 
II. Experimental Method
A schematic diagram of the bubble observation system, very similar to that described by Ashokkumar and Grieser 30 is shown in Figure 1 The bubble images were magnified using a long-distance microscope (6.3  magnification, LeicaZ16 APO), and recorded using a high-speed video camera (Y7-PIV, IDT) at a frame rate of 2000 frames per second. The acoustic pressure was measured using an interchangeable 1mm
PVdF needle hydrophone (Precision Acoustics Ltd1.0 mm needle with preamp). The hydrophone also allowed the antinode to be accurately located. The acoustic pressure used in this study ranged from 10 kPa to 40 kPa.
The water was firstly degassed to avoid any cavitation that might affect the translational motion of the two bubbles. A bubble was then injected and trapped at the pressure antinode, followed by the injection of a second bubble. The approach of a second bubble towards the first bubble and the trajectories of the two bubbles were recorded and analyzed frame by frame using Image J software to allow the bubble position and velocity to be determined.
III. Mathematical model for bubble translational path
As mentioned, the translational motion of a bubble in an acoustic field is controlled by both acoustic and hydrodynamic forces. The position of the two bubbles is schematically shown in Figure 1 (a) and the different forces controlling the motion of the two bubbles, mainly along the y axis, are illustrated in Figure 1 (b) . Therefore, the focus of this study is the translational motion of two bubbles along the y axis.
When a bubble is moving in a standing wave field, the primary Bjerknes force (F p ) is related to the bubble position and bubble volume oscillation, which is given by Equation 1 18 Where k is the wave number, R is the time-dependent radius, P a is the acoustic pressure amplitude at the pressure antinodes, t is time, ω is the angular frequency, and d is the distance between the center of the bubble and the nearest pressure anti-node measured in the y-direction.
The secondary Bjerknes force between two bubbles is given by Equation 2 2 :
Where denotes the time average, V 1 and V 2 are the volume of the first and second bubble, ρ is the liquid density, r 12 is the separation distance between two bubbles, and the over-dot denotes the time derivative.
For hydrodynamic forces in an acoustic field, the drag forces along the x and y axis are given by Equation 3 and 4 16 :
Where e is the coefficient of surface viscosity, r is the radius of sphere, μ is the liquid viscosity, μ ' is the viscosity inside the sphere, and y is the position of the bubble center on the y axis. When a bubble is moving in an acoustic field the bubble radius r >> e and μ >>μ ' 
where ρ gas is the density of gas inside a bubble and g is the acceleration of gravity.
As discussed above, as the bubble moves in an acoustic field, its position changes, and so does the pressure around it. The distance to other bubbles will also change. These changes can affect the bubble oscillation, which in turn can affect the bubble's translational motion. Therefore both 
where 10 R is the equilibrium radius bubble 1, 0 p is the hydrostatic pressure, σ is the surface tension, κ is the polytropic exponent of the gas within the bubble and P ex is the external driving signal that is defined for the standing wave as in Equation 10:
Exchanging indices 1↔2, we get the equations for bubble 2.
Prior to making calculations specific to the present experiments, our numerical solutions to Equations 7-10 were validated against results in the literature 25, 26, 28 .
Results and discussion
The experimentally observed data on the translational movements of two bubbles in an acoustic An example of the translational movements of two bubbles in an ultrasound field is displayed in Figure 2 for a pressure amplitude of P a = 40 kPa using data from a selected experimental run. The dashed line at the base of the photographs marks the position of the pressure antinode. The bubble near the pressure antinode is bubble 2, and its radius is 22 µm while the bubble furthest away from the pressure antinode is bubble 1 and its radius is 23 µm. It should be noted that while the Figures and discussion focus on this one experiment, multiple experiments were conducted and produced similar results (see Supporting Information Available). 
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The displacement of the bubbles along the y axis and their velocities were obtained using the images shown in Figure 2 and plotted in Figure 3 and Figure (Figure 4 ). As the distance between them decreases, the relative velocity begins to increase and becomes significant when the bubbles are 0.6 mm apart.
As the distance between them narrows further, the relative velocity increases dramatically. Xi et al. 28 have shown similar increase in the velocity at short distances for a bubble approaching a surface.
The coupled equations of radial and translational motions of two spherical bubbles, Equations 7-10, were used to simulate this movement of bubbles in an acoustic field and the results are compared with the experimental data in Figure 3 and Secondary Bjerknes force has been theoretically 32 shown to increase with an increase in acoustic pressure. This has been used by Hatanaka et al. 13 to explain the maximum intensity observed in multibubble sonoluminescence (MBSL) with an increase in acoustic power: an increase in secondary Bjerknes force increases bubble coalescence, which in turn enhances the number of active bubbles and hence MBSL intensity. However too much coalescence at high acoustic powers can cause bubbles to grow too large and be expelled from the antinode, leading to a decrease in the MBSL intensity. Using the same experimental method to obtain the velocity of two bubbles, the effect of increasing acoustic pressures was investigated experimentally. As discussed above, when two bubbles move toward each other, the secondary Bjerknes force increases significantly which causes acceleration of the bubbles towards each other. The acceleration can therefore be used to measure the change in the secondary Bjerknes force under different acoustic pressures ( Figure 6 ). This acceleration is nearly zero when two bubbles are far apart. However, as the distance between the bubbles decreases, a threshold distance is reached at which the relative acceleration between the two bubbles begins to increase very rapidly. The threshold distance at which this acceleration begins to increase, increases with increasing acoustic pressure, from 0.2 mm at 10 kPa to 0.5 mm at 40 kPa. It can also be seen in Figure 6 that the acceleration is greater at higher acoustic pressures. According to Equation 2, the secondary Bjerknes force is related to the two bubbles' average volume change in one cycle, and to the distance between two bubbles. As the acoustic pressure increases, the bubble oscillation will also become larger and the bubbles will influence each other at a further distance apart. Both an increase in bubble oscillation amplitude and decrease in distance between the two bubbles lead to an increase in the secondary Bjerknes force. This eventually results in two bubbles coming into contact with each other, to either form a cluster, coalesce, or re-bound.
IV. Conclusions
The experimental and simulation results presented in this study provide valuable information on the behavior of two bubbles in an acoustic field. When one bubble approached another bubble, a threshold distance was reached at which the secondary Bjerknes force became dominant. With a further decrease in separation distance, the Bjerknes forces increase, leading to the acceleration of the two bubbles towards each other. Using coupled equations of radial and translational motions to simulate the trajectory of the bubbles, a good agreement with the experimental data was obtained. The acceleration between two bubbles is higher at higher acoustic pressures and from this data we can estimate the changes in the secondary Bjerknes force. The results presented in this study are useful in the understanding of bubble coalescence in aqueous solutions in an acoustic field, which is an important practical issue in many applications that include ultrasonic degassing and ultrasonic processing of liquids. 
